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HEPIBHOCTI TUMY YEBULLEBA ONA IHTETPANIB
MO HEOBMEXEHUX MPOMDKKAX

B po6oti noseaeHo HepiBHOCTI Tumy YeOumieBa Juid psAliB Ta IHTErpajliB MO HEOOMEKEHHX
MIPOMDKKAX IHTEIPYBaHHS.

Kuio4oBi cinoBa: wepisnocmi onsa psoie, nepisHocmi 0ns iHme2panie, HepiBHOCMI Muny
Yebuwesa.

BcTyn

Hexait f, g:[a,b] — R — i"TerpoBani (yHKIIl, 1110 HE 3pOCTalOTh (200 HE
cnaaaroTh). Hexail, Takox, p:[a,b]—)RB — iHTerpoBana ¢yskuig. Toxi (aus.,
Hanpukian, [1, Chap. IX])

b

[ p(x)(x)g(x)dx> (1)

a

> jzp(x)f(x)dxjip(x)g(x)dx(j.p(x)dx} :

Sxmo oxna 3 ¢yHkuii f abo g He 3pocTae, a I1HIIA — HE CHajaae, To
CIPAB/IKYETHCS POTUIICKHA HEPIBHICTH, TOOTO

Tp(x)f(x)g(x)dxé (2)

p(x)f(x)dxj.p(x)g(x)dx(j.p(x)dx} :

a

<

Q C— >

HepiBaocTi Burmisgy (1) 1 (2) orpumanu Ha3uBy Hepignocmi Yedbuwesa. 11
HepiBHOCTI Oynu BctanoBiieHi [1.JI. YebumeBum [2, 3] 1 mocTiiiHO TpuUBEpTaIu
yBary JAoclHigHuKiB. Tomy, BigomMo ©Oaratro pi3HOMaHITHMX JIOBEJICHb Ta
y3arajibHeHb HepiBHOcTeW Burigy (1) 1 (2). 3okpema, 3 UMM pe3ysibTaTaMu
MOxHa o3HaomMutuch B MoHorpadii [1, Ch. IX], ne HaBeneHO AyXke ACTAIBHUN
ICTOPUYHUN 1 XPOHOJOTIYHUI OTJIsi[ PO3BUTKY JOCHIIKEHb HEPIBHOCTEH THUITY
Yeburmiera Ta CyMDKHUX NTUTaHb (IUB., TAKOXK, [4, 5]).
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1.  OCHOBHI NOHATTA Ta nonepeaHi BiaoMocTi
B po6ori [6] nocnimkenHst HepiBHOCTeN Tuny YebumieBa Oyiu po3BUHEHI B
TaKOMY HamnpsIMKy: 3HaiIecHO HeOoOXiAHI Ta JOCTaTHI YMOBU Ha (PyHKIIi

g:[a,b] >R, i p:[a,p] >R’ mo6 g R0BiIBHOT MOHOTOHHOT (yHKLIi

f: [a,b] — R}, BUKOHYBAJIKCh CITiBBiTHOLICHHS
r

; Y@ |
[P0/ (g0 ijbxr( ); i Y SE)
a p'(x)dx a

1
; "W x|
[P f(g(x)dx < ijbxr( ); ~| - pg o (4)
a p'(x)dx a

ne r — 1oBUIbHE (hIKCOBaHE OAaTHE YHUCIIO.

B nponosxkenHs nociimkeHs HepiBHocTel Tumy (1) — (4), B poboTi [7] Oyro
OJIep>KaHO TaKe TBEPHKCHHSI.
Teopema 1. Hexaiig:[a,b] > R} ma p:[a,b]—> R" — inmezposani ¢ynxyii, maxi
wo 000ymok ¢ makodic € inmeeposanoio Ha |[a,b] yuxyicro. Hexati, oani
I [a,b] — R} — Hespocmaroua ¢pynkyis.

Tooi Ona 0oginbHOi onyknoi eHuz Gyuxyii M : [0,00) —> R maxoi, wo

M (O) =0, cnpasoicyemvpcs HacmMynHa HepiBHICMb !

; P f()dx |:
[ PgEOM (£(0)dx < sup { M | pts s [ pogds}, 5)
a s€(a.b] L p(x)dx a

a 011 008iNbHOI ONYKIOiI 620py DYHKYIL M:[O,oo)—>§’ makoi, wo M(O)zO,

CHPABONCYEMBCSA HACMYNHA HEPIGHICMNb!

’ "p(x) £ (x)dx |3
[ Pg@)M (f(x))dx= inf 1M Lpsx — [pgdx . ©)
" s&(a.b] L p(x)dx "

Sxuro B HepiBHOCTAX (5) 1 (6) mokmactu M (t) =1, TO OTPUMAEMO KJIACHYHI

HepiBHOcTi Yebumena (1) 1 (2) BiamoBigHO.
B po6ori [7] Oyno 3a3HadeHo, 10 aHAJOTIYHE 10 TeopeMH | TBepIKeHHS
TaKoX OyJie MaTu MICIE 1y BUMNAJAKY, KO b =00, a caMme.

Teopema 2. Hexaii g:[a,o] >R} ma p:[a,0] >R" — inmezposani pynxyii
maxi, o 006ymox p:[a,b]—)R+ MmakKoxc € iHmecposanorw Ha [a,»]| gyukyiero.

Hexaii, maxoorc, f : [a,oo] — R}, — nespocmaroua gynryis.
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Tooi oOna OoginbHoi onyknoi enu3 @yuxyii. M :[0,00)—>R makoi, wo

M(O) =0, sukonyemucs HepigHicmb

. PO f ()dx |4
[ g (£(0)dr < sup {M | pof s [ g, ()
a s(a,o) L p(x)dx a

a 011 008iNbHOI ONYKIOi 620py (DYHKYIL M:[O,oo)—>§’ makoi, wo M(O)zO,

CHPABONCYEMBCS HACMYNHA HEPIGHICMb!

v “p(x) f(x)dx |3
[ Pg@M (f(0))dx2 inf 1M Lpsx — [pgdx . ®)
p sela,) L p(x)dx p

[Tpu iboMy BiZMOBiAHE AOBEACHHS HE OyJI0 HaBEJEHO.

2. OcHoOBHa yacTuHa
OCHOBHI/IM pCBYJIBTaTOM pO6OTI/I € HpOBeI[eHHSI IIOBHOT'O JOBCACHHIA
teopemu 2. Ilpu 1pomy OyaemMo BHUKOPHCTOBYBATH MIPKyBaHHS, IO
3aCTOCOBYBAJIKMCH IIPU JOBEACHHI BIATIOBITHOTO TBEPXKEHHS 3 poOoTH [7].
JloBeeHHsI TEOPEMU 2 CIIUPAETHCS HA HACTYITHY JIEMY.

o0 o0

Jemal. Hexai a= {ak}kzl , b= {bk}k=1 ma p= {pk}:zl nocniooeHocmi

Hesi0 ‘eMHux uucen maxkux, wo a, >a, 2K, p, >0 ipao > pb, 3bicacmocs.
k=1

Tooi oOna OoginbHoi onyknoi enu3 @yuxyii. M :[0,00)—>R makoi, wo

M (0) =0, suKoHyemvCs HACMYNHA HEPIBHICMb

0 ipkak s
;pkbkM(ak)SsngI? M k:]s— kzz:,pkbk ) (7')
;Pk

i 0ns 008inbHOI onyknoi ezopy @ynkyii M :[0,00)—>R makoi, wyo M (0)20,

BUKOHYEMBCA HACMYNHA HEPIBHICMb

0 ipkak s
;pkbkM(ak)zig M| ;pkbk . (8")
;Pk

JloBeneHHst Jjiemu. Po3risitHeMo BuUMAnoK, koiu (yHKIE M € OmyKJIoro
BHM3 (JIOBEJICHHS y BUIAJKY, KO M — omykja Bropy IIJIKOM aHayoriyde). J{ms
JIOBEJIEHHS OyJeMO BUKOPHUCTOBYBATH METOJI MaTEeMaTU4YHOI 1HAYKIII mo m, Je
m € N — KUTBKICTB JJOJIaHKIB B cyMax 3 HepiBHOCTI (7).
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[Tokaxkemo 110 AJI TOBUTbHOI ONyKJI0T BHU3 (YHKIT M : [0,00) — R Takoi,
mo M (0) =0, BUKOHYETBCSI HEPIBHICTD (7).

Sxuo m =1, To HepiBHICTH (7') € TPUBIATHHOIO.
Posrnstnemo Bunanok nBox nogaHkiB m =2 . [lokmnanemo nipu k =1,2,

C=pa, + p,a,, X,=pa, o= pkbk: ﬁk = P;;l, )
1 posrasiHemMo Ha iHTepBai [0,c] QyHKIiO
h(x):alM(ﬁlx)+a2M(ﬁ2(c—x)). (10)

Buacnigokx omyknocti @yHkuii M (¢), Qynkuis A(x) TeX € ONyKIOK BHU3 Ha
Bipi3ky [0,c]. 3Bincu BUILIMBaE, 10 AaHa (DYHKIIIS A0CATA€ CBOTO HAWOLIBIIIOTO
Ha BIAPI3KY [X,;X,] < [0;c] 3HaueHHs Ha OHOMY 13 KIHIIIB IIbOTO BiJpi3ka. Tomy

h(x) < max{h(xl),h(xz)} Vx el[x,x,]. (11)
Moknanatoun x, = f,c( B, + f, )_1 Ta X,:=c, poOMMO BHUCHOBOK, L0 YHUCIO X,
(BHACI1A0K MOHOTOHHOCTI OCIIAOBHOCTI @ ) HAJEKUTh IPOMIKKY [X,;X, ].
Orxe, 3 ormany Ha cmiBBigHOmeHHs (9) — (11) 1 piBHicTE M (0) =0,
OTPUMYEMO

ipkbkM(ak) = h(x,) < max {h(x1)»h(xz)} _

k=1

a, + p,a a + p,a
. M(MJ( P+ pib.). M(u) ool
Pt D, Dy

OTtxe, y BUNIQJKY JBOX JOJIaHKIB (m =2 ) HEPIBHICTH (7 ') CIpaBIKy€EThCS.

3apa3 npuIycTuMo, o npu m =n—121, TBEpIKEHHS JIEMH € MPABUILHUM.
[lokaxxemo, 1m0 A m=n, BOHO TaKOX BHUKOHYeThcA. CkopucTaeMocs
no3HayeHHsAMU (9) 1 po3riasiHeMo Ha IpoMiKKY [0,c] dyHkuio A(x) Burisay (10).

-1
[Moxnanarouu x,:=B,c(B +B,) Ta X, :=c—a,/f,, poOUMO BUCHOBOK, 1[0 YUCIIO X,
(BHACI1AOK MOHOTOHHOCTI IOCJIIOBHOCT] @ ) HAJEXKUTh IIPOMIKKY [X,;X,]|. Tomy,
3 oAy Ha criBBinHomeHHs (9)—(11) onepxxyeMo

S pub M (a) = h(x,) + S pib M (a,) <max {h(x) Ay} + Y pbM(a). (12)

Hami, y BUnaaxy, siKIio h()c1 ) > h(x2 ) , TIOKJIaJIEMO

. ptp,, k=1, . (pb + p,b)(p + o), k=1, (13)
‘ P kzzam_l; ) bk+19 k:2,m_1;
a + p,a)(p +p,) k=1
a' = (pa, + p,a)(p + p,) (14)
pirs k=2,m—l.
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Toni BHacH1A0K criBBigHOIIEHHS (12), poOMMO BUCHOBOK, 1110 Ma€ MICII€ OIlIHKa

ZpkbM ak ZpkbM ak (15)

VY Bumagky, Koiu h(xl)<h(x2), crniBBiiHOMEHHA (15) BUKOHYETBCS A

nociioBHOCTEH a', b' Ta p' BUrIAMY

Dis k=1,
pPe=1pt Py k=2, (16)
Dists k=3,m-1,
b, k=1,
(psby + pb)(py + p3) s k=2, (17)
b, k=3,m-1,
fmemnnn

Cyma B mpaBiii yactuni (15) mictute n—1 nomanok. [[o Toro x, B 000x
BUIMAJKaX TOCIIIOBHOCTI a', b' Ta p', 3al0BOJBHSAIOTH YMOBU HAIIIOTO
npunyueHHs. Tomy, 6epyun a0 yBaru cmiBBigHomeHHs (13) — (18), orpumyemMo
HEO0OX1IHY OIlIHKY (7'):

n—1
Py |,
Zpkb M(a,)< Zpkb M(a))< sup \M|E=— > pib;
se[l,n-1] ;p;{ k=1

IA

k=1
< st] M| =—— Zpkbk
se[l,n k=1
2 :pk
k=1

BpaxoByroun noBUIBbHICTE n €N, a Takox 30DKHICTb PIAy Zpkbk, OCTaTOYHO
=1

OTPUMYEMO

zpkbkM (a,) <supy M kZ]S E ,pkbk
k=1 seN k=1
Zpk
k=1

Jlemy noBeneHo.
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[lepeitnemo Termep A0 AOBeJeHHsI TeOPeMHU 1 PO3IJIIHEMO BUIMAJIOK, KOJHU
byHkiiss M € onykiIoio BHU3 (JIOBEJACHHS Yy BUIAJKYy, KOU M — omyKja Bropy
1iIKoM aHanorigie). CroyaTky NMepeKoOHAeEMOCS B CIIPaBEIJIMBOCT1 HEPiBHOCTI (7)
JUTSL JOBUTBHOT QYHKIIT f TaKoi, 10 AJis 1eaKoro m € N

f(x)=a,, xe [Z,H,lk), k=1,2K,
ae a,>a,>K 201a=1[,<[ <[, <K.

[Ipu xoxxnomy k =1,2,K , noknanemo
-1

I I I
pi= [ p)dx, b= | p(0gx)dx| [ p(x)dx
le1 I I

Toni, BHacHiaok gemu 1, onepxyemo (7):

0

[P()gM (f())dx =D [ p()g()M (f(x))dx =

=
0 zpkak s
= ZpkbkM(ak) <supy M| =— zpkbk =
k=1 seN zpk k=1
k=1

OO dx |
D) POSEE N o
seN Jasp(x)dx a
p(0) [ (x)dx |
< sup Japsx o Jp(x)g(x)dx :
se(am) Jap(x)dx .

Otpumaemo HapewmTi HepiBHICTh (7) B 3arampHoMy Bunaaky. CrnoyaTky
3ayBaXXUMO, SKIIO QyHKIIi M 1 f 3aJ0BOJBHSAIOTH YMOBHU TEOPEMH 2, TO ICHYE

ancno n,=ny(M,f)eN Take, wo mpu KOXHOMY 7n>n, i amsi Beix x €[a;),
BUKOHYETHCSI HEPIBHICTh

‘M(f(x))‘<n.
Js  KOXKHOrO n>n,, PO3MISHEMO CHCTEMY TOYOK [ 1 , 1o
BU3HAYAIOTHCS HACTYIHUM YMHOM: ToKjiagaemo [”:=a i npu koxHomy k€N

BU3HAYUMO BEJINYHHY Z,E”) SIK HaMOILIbIlIe JTOJATHE YHCIIO Take, 110 Z,E”) > 1,5’2 1 ISt

BCIX X € [Z,EQ;Z,&”)) BUKOHYETBCSI HACTYITHE CH1BBIIHOIICHHS:

M (1))~ (F )<
| g
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Buacninok ymoB Ha pyHKIii M Ta f, Taka cucTeMa TOYOK 3aBXK/IH ICHYE.

Hami, posrisgaemo ¢yskuiro f = f (x) Taky, mo
S, = lim f(@), Vxe [1507), k=1,2K . (19)

n
t—>lk -

bauumo, 1110 HEPIBHICTh

M () =M (f,0) <,

CIIPABIKY€EThCS Ul BCIX n>n, 1 X €[a,©). 3aBASKU IHTETPOBAaHOCTI Ha [a,0]
n00yTky p(x)g(x), BeMUYUHU

[ P2 M (£ ()~ M (f,(x))] dx

30IratoThCsl 0 HyJs Npu 7 —>oo. KpiM 1poro, mpu KoxHOMY 7> n,, (yHKIA
f,(x) Ha [a,c0) He 3pocTae 1 3al0BOJBHIE YMOBU TBEPIKEHHS, U1 SIKOTO
CIIpaBeITUBICTh HEPIBHOCTI (7) BXKE JTOBEICHO.

Tomy, BpaxoBytoum (19) 1 HenepepBHICTh (yHKIIT M, poOMMO BUCHOBOK,
110 AJi JOBUIBHOTO & > 0 mpu BCIX TOCTaTHBO BEJNUKUX n (1> n,(€)),

[PC0g ()M (f ())dx = [p(x)g (¥)M (£, (x))dx +
+[p(0)g () (M (£ ()= M (£,(x)))dx <

[ "o f,(0dx | ..

< — (V) g(x)dx p+= <
SS(I;},I;) Jap(x)dx Jap X)g\x)ax 2
0 d S
< sup ¢« M L pfx)f(x) - Jp(x)g(x)dx + €.
se(a;o) Jap(x)dx a

OTtxe, criiBBIAHOIIEHHS (5) M1MICHO BUKOHYETHCS.
Teopemy noseneHo.
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Chebyshev Type Inequalities For Integrals On Unbounded

Intervals

We proved some Chebyshev type inequalities for series and integrals on

unbounded intervals.

type inequalities.
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